Design of a vertical annulus with MHD flow using entropy generation analysis by Mahian Omid et al.
DESIGN OF A VERTICAL ANNULUS WITH MHD FLOW USING
ENTROPY GENERATION ANALYSIS
by
Omid MAHIAN a*, Hakan F. OZTOP b*, Ioan POP c,
Shohel MAHMUD d, and Somchai WONGWISES e
aYoung Researchs and Elite Club, Mashhad Branch, Islamic Azad University, Iran
bDepartment of Mechanical Engineering, Technology Faculty, Firat University, Elazig, Turkey
cFaculty of Mathematics, University of Cluj, Cluj, Romania
dSchool of Engineering, University of Guelph, Guelph, Ont., Canada
eFluid Mechanics, Thermal Engineering and Multiphase Flow Research Lab. (FUTURE),
Department of Mechanical Engineering, Faculty of Engineering, King Mongkut's University of
Technology Thonburi, Bangmod, Bangkok, Thailand
Original scientific paper
DOI: 10.2298/TSCI121017038M
Optimaldesignofaheatexchangeris oneoftheconcernsofenergyconversionen-
gineers. In the present work, the mixed convection flow between two vertical con-
centricpipeswithconstantheatfluxattheboundariesandMHDfloweffectsiscon-
sidered. To determine the optimal design for such a heat exchanger, at first, the
momentumandenergyequationsaresimplifiedandsolvedanalytically.Next,using
entropy generation analysis and cost analysis, the operational costs due to entropy
generation are estimated. It is concluded that with an increase in the Hartmann
number, the energy costs increase. In addition, for two small deviations from the
base radius ratio (P = 2) including P = 19 and P = 2.1, the changes in the energy
cost are calculated. It is found that for P = 1.9 the energy cost increases by 17.5%
while for P = 2.1 the energy cost is reduced by 13.6%.
Key words: vertical annulus, magnetic field, mixed convection, entropy
generation, cost analysis.
Introduction
Mixed convection inside a vertical annulus in the presence of magnetic field has many
practical applications. Some applications are found in industrial heat exchangers, micro elec-
tronic devices, cooling of nuclear reactors, petroleum equipment, and so forth. The optimal de-
sign of such equipments is necessary before the manufacturing process to reduce the operating
and energy costs. Bejan's entropy generation minimization (EGM) method is a recognized ap-
proach to optimize the performance of thermal-fluid devices. This method also can be used to
determine the optimum heat exchanger dimensions [1].
Generally,theentropygeneration problemsarenon-linear. Therefore,ahelpfulwayto
study of entropy generation through a process with complex equations is the simplification of
the governing equations with reasonable assumptions to obtain analytical solutions. In this con-
text, Yilbas [2] examined the entropy generation for a rotating outer cylinder and differentially
heatedisothermalboundarycondition withneglecting theirreversibilityinducedbyviscousdis-
sipation. The author [2] assumeda linear velocity profile in his work. Mahmud and Fraser [3, 4]
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* Corresponding authors; e-mail: hfoztopl@gmail.com; e-mail: omid.mahian@gmail.comsolved analytically the dimensionless entropy generation equation for the flow and heat transfer
between two rotating cylinders with isoflux and isothermal boundary conditions. Tasnim and
Mahmud[5]considered thefullydeveloped laminarandmixedconvection flowinavertical an-
nulus with circular cross-section and obtained analytical expressions for entropy generation in
the annulus. They obtained the optimum radius ratio, at which the entropy generation is mini-
mized. Tasnim and Mahmud [6] considered a fluid with temperature-dependent viscosity and
developed their previous work [5]. Mirzazadeh et al. [7] studied the entropy generation due to
flow and heat conduction of a non-linear viscoelastic fluid between concentric rotating cylin-
ders. Mahian et al. [8] investigated analytically the entropy generation between two rotating
cylinders using nanofluids with different volume fractions and isoflux boundary conditions. In
another work, Mahian et al. [9] presented an analytical solution of the second law analysis be-
tween two rotating cylinders using nanofluids. They studied the effects of uncertainties in the
models presented for thermophysical properties of nanofluids on entropy generation.
The study of flow and heat transfer in a closed cavity or a channel in the presence of
MHD flow is important because of engineering applications such as MHD micropumps, micro
electronic devices, electronic packages, cooling of nuclear reactors, and MHD marine propul-
sion [10]. Here, several works in which the effects of MHDflow on entropy generation for vari-
ous flows and geometries are investigated, briefly have been reviewed. Salas et al. [11] and
Ibanez et al. [12] analysed the second law for MHD induction devices, such as electromagnetic
pumps, and electrical generators. Mahmud et al. [13] examined the entropy generation due to
mixed convection in a channel made of two parallel plates. Later on, Tasnim et al. [14] solved
thesameproblemusingporousmedia.MahmudandFraser[15]analyticallyinvestigated theen-
tropy generation due to mixed convection-radiation interaction in a vertical porous channel in
the presence of MHD flow. In another paper, Mahmud and Fraser [16] studied the problem of
entropy generation in aporous cavity with laminarnatural convection and MHDflow. Mahmud
and Fraser [17] presented a general equation for entropy generation for a single-plate
thermoacoustic system,which is subjected to a constant magnetic field. Ibanez and Cuevas [18]
consideredastationarybuoyantMHDflowofaliquidmetalimmersedinaMHDflowthrougha
vertical rectangular duct. They obtained the optimumconductance ratio of the wall in which the
entropygeneration isminimized.TheeffectsofslipandJouledissipation ontheentropygenera-
tion in a single rotating disk in the presence of MHD flow are investigated by Arikoglu et al.
[19]. Aiboud and Saouli [20] applied the analysis of entropy generation for a viscoelastic MHD
flow over a stretching surface. Recently, Mahian et al. [21] investigated the entropy generation
between two isothermal rotating cylinders in the presence of magnetic field. They revealed that
the entropy generation increases with an increase in MHD flow. Mahian et al. [22] studied the
effects of nanofluids on entropy generation between two cylinders in the presence of MHD
flow. They obtained the conditions in which using nanofluids results in a decrease in entropy
generation.
In the present work, the energy costs of a vertical annulus heat exchanger with MHD
flow and constant heat flux at the boundaries in different conditions are determined by using
Bejan' EGM method.
Mathematical modelling
Analysis of the First law of thermodynamics
A steady, laminar and fully developed mixed convection flow of a Newtonian, incom-
pressible fluid is considered where the fluid enters a vertical annulus with length of L and inlet
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situations, a differential pressure transmitter can be
installed to measure the pressure losses through the
heat exchanger. A constant heat flux is imposed on
the boundary of the inner pipe. The cooling fluid
flows inside the annulus and cools the surface of the
inner pipe and a portion of the heat is dissipated to
the surrounding based on the energy balance. The
heat exchanger is subjected to a transverse magnetic
field with constant strength of B0. The schematic of
problem is indicated in fig. 1.
The governing equations for 2-D flow in the
heat exchanger can be written in general as:
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Asmentionedbefore,theflowisassumedashydrodynamicallyandthermallyfullyde-
veloped; hence, using the order of magnitude the radial velocity (Vr) can be neglected in com-
parison with the axial velocity (Vz). With this assumption, the continuity equation reduces to
Vz/z = 0. Therefore, using the Boussinesq approximation in the buoyancy term, and neglect-
ing the axial effects (see refs. [5, 6]), the simplified dimensionless equations can be expressed
as:
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IntheaboverelationsMistheHartmannnumber,ands–theelectricalconductivity of
fluid. The subscripts of i and o indicate the characteristics ofinner and outer pipes, respectively.
The Grashof number and dimensionless temperature are defined as:
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Figure 1. Schematic of heat exchanger
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The velocity boundary conditions with no slip assumption are written as:
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The thermal boundary conditions are given by:
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Analysis of the Second law of thermodynamics
Entropy generation rate in the presence of MHD flow can be written as:
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where
J=s(E+V B) (12)
Intheabove equations, fisviscousdissipation, J–theelectriccurrent,Q–theelectric
chargedensity,V–thevelocityvector,E–theelectricfield,andB–themagneticinduction. Ne-
glecting QVincomparisonwithJanddisregarding EincomparisonwithVB,therelation (11)
reduces to the equation:
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The dimensionless entropy generation rate is determined as:
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where NH, NF, and NM on the right hand of the equation are the irreversibilities due to heat trans-
fer, fluid friction, and magnetic field, respectively. Also, the Brinkman number (Br) and the pa-
rameter W are defined as:
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The irreversibility distribution can be obtained using the definition of Bejan number
(Be) that is the ratio of entropy generation due to heat transfer to the overall entropy generation
as [23]:
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Mahian, O., et al.: Design of a Vertical Annulus with MHD flow Using ...
1016 THERMAL SCIENCE: Year 2013, Vol. 17, No. 4, pp. 1013-1022The average volumetric entropy generation number is given by:
NN S, ave Sd 

 

1 (17)
Solution of the problem
Velocity and temperature fields
The eqs. (5) and (6) are coupled via the buoyancy term in the momentum equation.
Therefore, first, the energy equation must be solved. The solution of the energy equa-
tion is:
q(R)=–llnR+C (18)
whereCistheconstantofintegration. Inthisstage,theconstantCcannotbeobtainedbecauseof
the isoflux boundary conditions. The velocity field is obtained using the temperature distribu-
tion and solving the related differential equation as:
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where the constants G5 and G6 are equal to:
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The unknown constant C can be determined using the continuity equation that is:
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which in dimensionless form is:
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By substituting the velocity profile from eq. (19) into the above relation and solving
the equation, the constant C is calculated. The expression obtained for C is long, therefore to
save the space, the constant C is not presented here, but it is a function of involving parameters
in the problem as:
Ch M P
Z
 




 ,,
Re
,
*
l Gr ¶
¶
(23)
Entropy generation
The local entropy generation is obtained using eq. (14) and the velocity and tempera-
ture distributions as:
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Theaveragevolumetricentropygenerationnumberiscalculatedbasedoneq.(17)as:
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Results and discussion
Local entropy generation
The effects of Hartmann number on local en-
tropy generation for Gr/Re =10, dP*/dZ = –0.1
and W/Br = 10 are shown in fig. 2. It is seen that
an increase in the Hartmann number leads to an
increase in entropy generation number. The en-
tropy generation number is greater near the walls
(especiallyneartheinnerwall)duetohighergra-
dients of temperature and velocity. The effects
of parameter Gr/Re on the entropy generation
and Bejan numbers for M =1a n dW/Br = 20 are
displayed in fig. 3. It is observed that the entropy
generation number has an unpredictable trend in
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Figure 2. Effects of MHD flow on entropy
generationnumberforGr/Re=10andW/Br=10
Figure 3. Effects of Gr/ Re on (a) entropy generation and (b) Bejan numbers for M =1 and W/ B r=2 0thegap.Theinteractionsamongtheviscouseffectsnearthewalls,thereductionofheatfluxalong
theradialdistanceandbuoyancyforcesmakethisirregularbehaviour.TheeffectsofGr/Reonthe
Bejan number are drawn in fig. 3(b). It is found that the Bejan number is approximately maxi-
mized in the middle of the annulus. At this point, the contribution of viscous effects to entropy
generationislowest.Thismaximumpointmovestowardstheoutercylinderwithadecreaseinthe
force of natural convection and heat flux.
Design and cost analysis
In this section, by using the Bejan's EGM method and cost analysis the operational
costsduetoentropygenerationintheheatexchangeratdifferentconditions aredetermined.The
operational cost due to entropy generation is reduced by optimal design and hence leads to the
most saving in energy consumption cost.
Sahin et al. [24] calculated the total cost of irreversibility for the flow in a pipe in the
absence of magnetic field as:
 (  )(  ) CC TS C TS  Hg e n H Fg e n F 00 (26)
In the above relation,  C is the total cost of irreversibility [$ per day], CH – the unit cost
of irreversibility due to heat transfer, CF – the unit cost of irreversibility due to fluid friction,
 Sgen– the entropy generation. In this work, eq. (26) is developed to the following relation in the
presence of MHD flow:
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Here,itisassumedthatCE=CH=CF=CM=0.2,whereCEistheunitcostofirreversibilityinthe
system.Therefore, the above relation for the heat exchanger with length of 1 mcan be rewritten
as:
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Theaboverelationintermsofmassflowrateand (inverseof l)canbeexpressedas:
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where r and u are density and kinematic viscosity of the working fluid at the inlet temperature.
If the base radius ratio is 2 (P = 2) , using the relation (30) one can calculate the amount of
changes in energy cost,  C r, in comparison with another radius ratio:
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Nowas a numericalexample, the engine oil with massflow rate of 0.85 kg/s is consid-
ered as the cooling fluid in the heat exchanger where the outer radius is 1. 5 cm.
The total cost due to irreversibility,  C, is presented in fig. 4 for Gr/Re = 0.1 and Gr/Re
= 50 , three different Hartmann numbers and the radius ratio between 1.5 and 6, where it is as-
sumed the system works 10 hours in a day. It is observed that the total cost of irreversibility for
the system in one day is approximately 0.5-10 $ depends on the radius ratio of the heat
exchanger. The total cost of irreversibility increases with increases in the Hartmann number be-
cause the average volumetric entropy generation number increases with the increase of M.I ti s
also seen that with an increase in the radius ratio, the total costs due to entropy generation de-
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temperature and especially velocity with in-
creasingtheradiusratioareincreased.Fromfig.
4,itisalsoobservedthattheparameterofGr/Re
has no visible effect on the total costs. Of
course, with the increase of Gr/Re from 0.1 to
50, the total costs increase slightly.
Figure5showstheamountofchangesinen-
ergy cost,  C r, for different values of Hartmann
number, 2  P  6 and Gr/Re = 50. The graph
canbedivided intotwozonesasindicated inthe
figure. In the first zone (P  3.2), the amount of
 C r increases rapidly, whereas for P > 3.2 the
rate of increases in  C r is reduced. As shown,  C r
is higher in magnitude for smaller magnetic
fields. It is also concluded that where the radius
ratioincreasesfrom2to6,thesavingsinenergy
cost are approximately 74%, 56%, and 40% forthe Hartmannnumbersof0.1, 5, and 10, respec-
tively.
Finally, the effects of a small deviation in the radius ratio are investigated. This devia-
tion may be produced in the manufacturing process. If the base radius ratio is 2, the effects of a
deviation of0.1intheradiusratioontheamountof  C r areinvestigated. Itisfound, forP=1.9
and M = 0.1, the amount of  C r is –17.5%. The negative sign means that where the radius ratio
decreasesfrom2to1.9,thetotalcostsduetoentropygenerationincreaseby17.5%.Ontheother
hand,forP=2.1,itisfoundthatthecostsdecreasebetween6.3-13.6% depend ontheHartmann
number. It should be noted that the costs required to produce the pipes in different sizes and the
changes in costs due to heat transfer enhancements are not considered in this study.
Conclusions
An entropy generation analysis is performed for flow and heat transfer between two
vertical cylinders subjected to constant heat flux and MHD flow. The equations of momentum
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Figure 4. Effects of MHD flow and Gr/Re on total cost of irreversibility; (a) Gr/Re = 0.1, (b) Gr/Re = 50
Figure 5. Effects of Hartmann number and
Gr/Re on savings in operational costsand energy in cylindrical co-ordinates are simplified and solved analytically. The results are
presented for different values of Hartmann number and a flow parameter Gr/Re. The Bejan's
EGM(entropy generation minimization)methodand cost analysis are used to find the effects of
different radius ratios on the total costs due to irreversibilities in the system where engine oil is
considered as the working fluid. It is perceived that with an increase in the Hartmann number,
the energy costs increase while the total cost does not change with increases in Gr/Re. In addi-
tion, for two small deviations from the base radius ratio (P = 2) including P = 1.9 and P = 2.1,
thechangesintheenergycostareestimated.ItisfoundthatforP=1.9theenergycostincreases
by 17.5% while for P = 2.1the energy consumption cost reduces by 13.6%.
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